The exact and analytic Green functions for spinning relativistic particles in interaction with a gravitational plane wave field are obtained within the Stochastic Quantization Method of Parisi and Wu. We have separated the classical calculations from those related to the quantum fluctuations. The problem has been solved by using a perturbative treatment via the Langevin equation relying on phase and configuration spaces formulation.
Introduction
The stochastic Quantization Method (SQM) proposed by Parisi and Wu [1] provides an intriguing alternative to the standard quantization of physical systems. This method is mainly based on the analogy between Euclidean quantum field theory and classical statistical mechanics. The (SQM) is described by the Langevin equation according to a Gaussian noise with respect to a fifth dimension, the additional fictitious time . Thus, Correlation functions are calculated as averages over the noise and the Green's functions of the original quantum field theory are obtained at the equilibrium limit ( → ∞) [2] . Huffel and later Nakazato [3, 4] proposed how to calculate within * E-mail: chetouani@hotmail.com the stochastic quantization scheme the transition amplitudes using perturbative treatment. Thus, the propagator was calculated presenting a phase space as well as a configuration space formulation. However, there is a reduced number of interactions which have analytic and exact solutions for relativistic particles even non relativistic one, particularly using the (SQM). Nevertheless, we can quoate some examples, firstly, a many-body classical system governed by a trace-form entropy in the stochastic quantization picture [5] has been described by the Schrödinger equations via a generalized (SQM) of particles interacting with a background; secondly, the stochastic dynamics for relativistic spinless particles was also introduced as a Markov diffusion [6] by a stochastic variational principle using Einstein's action which pointed out a covariant stochastic quantization of spinless particle. In addition, (SQM) was considered for scalar fields defined in a curved manifold and also in a flat space time [7] ; the two point function associated to a massive self interacting scalar field was evaluated, up to the first-order level in the coupling constant for the case of an Eistein and also a Rindler Euclidean metric, then a covariant stochastic regularization has been employed to preserve the symmetries of the original theory. Finally, we give the example of the stochastic formulation of the quantized gravitational field which can be useful to revitalize the geometrical interpretation of quantum gravity, stochastic field equations for linearized gravity were presented in [8] , where the Lorentz covariance has been discussed and random classical radiation approximation were also presented. Hence, we can see that stochastic quantization theory can be powerful to explain the effects of vacuum fluctuation on matter. The main purpose of the present paper is to apply a perturbative treatment of (SQM) to the case of relativistic spin particles, in interaction with a weak gravitational plane wave. This case of interaction has been investigated by [9, 10] via the path integral method and after the wave equations for spin 0 and spin 1/2 particles were considered [11] and Volkov type solutions were obtained [12] . In addition to recent studies for a weak external plane wave gravitational field via the algebraic approach [14] . A similar result was deduced for Volkov's wave field [13, [15] [16] [17] , and recently via the path integral method [18] . Owing to the technique of the (SQM), we reconsider the problem of a weak gravitational plane wave. Let us expose the problem. Thus, the linear approximation of the gravitational field is given by a small perturbation on the flat Minkowski metric
and
where η µν is the flat metric and µν is the small perturbation ( µν 1)
and the linearized gravitational field is given by the following expression
where ξ = , F is an arbitrary function and the conditions imposed are
In this paper, we show that the exact Green's functions can be obtained for Klein Gordon and Dirac particles interacting with external gravitational background, relying on the stochastic quantization method of Parisi and Wu [3, 4] . In section 2, we review the formulation of the (SQM) and give a brief review of the stochastic scheme for the transition amplitude. In section 3, we treat the klein Gordon particle problem presenting the phase space in the framework of (SQM), we calculate the classical action and also find the fluctuation factor via the Langevin equation pertubatively. Once again we calculate the classical action and the fluctuation factor relying on the configuration space. The propagator is calculated and the exact Green's function is determined. In section 4, we apply the same method to obtain the Green's function for a Dirac particle. Finally, section 5 is devoted to our concluding remarks.
Review of the stochastic quantization method
Let us briefly recall basic facts on (SQM) of Parisi and Wu [1] . The quantum mechanics results are obtained as the thermal equilibrium limit of a hypothetical stochastic process. The dynamical variable (τ) is assumed to be a stochastic one (τ ), and we introduce a fifth parameter which is the fictitious time via the Langevin equation given by
where S is the classical action of the system and is the white noise, characterized by
the Langevin equation (6) 
where P [ ; ] is the probability distribution which satisfies the Fokker-Planck equation
(9) and is normalized as
It follows that the stationary solution P is given by exp S as ( → ∞). Under this prescription, the correlation function becomes the same as that defined by the Feynman path integral approach
Now, let us focus on the transition amplitude [4] . We define the correlation function under the boundary conditions
and the normalization condition(10) ; the stochastic average becomes at the infinity limit ( → ∞)
We define the state vector by
which is the solution of the evolution equation given by the following expression
where H (τ ) is the Hamiltonian operator.
Therefore, the transition amplitude τ | τ is related to the hamiltonian average [4] 
the constant is τ independent and can be fixed by taking a limit as τ = τ and imposing the condition
where λ = (τ − τ ) We split the Hamiltonian to obtain the average
Therefore, the transition amplitude becomes
where exp [ S ] is related to the classical path by
Consequently, the second exponential factor represents all the quantum contributions depending on the Gaussian noise and the fictitious time which is very important for further developments in our calculations. We focus our work on the calculation of the average H Q (τ ) using an iterative treatment.
Green's function for a Klein Gordon particle
For a spinless particle moving in a gravitational plane wave field, the Green's function is a solution of the KleinGordon equation given by
(20) we will use the proper time method introduced by [13, 19] and which permits the evaluation of the Green's function ∆( ) as follows
where the proper time is defined as (λ = τ − τ ) and K ( ; λ) is the propagator given by (17) which satisfies the following equation
Calculation in the phase space formulation
In our case, the Hamiltonian is given by
In order to evaluate the transition amplitude, we rely on phase space formulation of (SQM) [4] . Thus, we set two 
and by splitting the action S = S + S Q where the classical action is given by
and S Q is the quantum action with all the remaining terms given by
with the following boundary conditions
Then, by splitting the Hamiltonian H = H + H Q we get
the second part of the Hamiltonian is simply deduced
Now, we introduce the fifth parameter in the quantum contributions =
and the boundary conditions becomes
First, we calculate the classical action.
Classical action calculations
Let us consider the expression of the classical action for a spinless particle interacting with a gravitational background
the classical Hamiltonian is given by
At this level, we determine the classical path using the Hamilton equations
we obtain the classical equation of motion
with the boundary conditions (τ ) = (τ ) = In order to solve µ (τ) and µ (τ) (34), we can easily show that
We get from equations ( 36 37)
and equation (38) 
where D is a constant. Thus, using (34) we get the expression of the momentum
we have to calculate the related classical action by inserting the expression of the momentum (41) we get
we can see that by multiplying the first expression in (34) by the momentum expression and using (36) we get
where C is a constant. Then, we perform the integration between τ and τ and get
Hence, the equation (44) allows us to obtain the velocity expression
at last the classical path is given by integration
where the momentum (τ ) has the following form ∆ 2∆τ
we note(∆ = (τ ) − (τ )) and (∆τ = τ − τ ) By replacing (47) in the classical path we obtain the following form
and the velocity becomes
Using the properties of the weak gravitational field 2 1 and that 2 = 0 = 0 and by replacing the expression (44) in the classical action (32) we get
finally the expression of the classical action is obtained as follows
Let us now make the computations for the second term which is the term of fluctuation.
Calculation of H Q (τ )
The transition amplitude (20) rely on the fluctuation factor H Q (τ ) we have exposed how to deal with this kind of problem for the Volkov's wave field [16] . Relying on the formulation of the (SQM) and thanks to the phase space formulation, the stochastic variables Q and Q satisfy the Langevin equations
where the white noises fulfill
The Langevin system (52) amounts to the matrix form
according to this system, we can easily give the following
the vector [4] indicates the free solution which satisfies
and takes the form
) is the Green's function associated to the free Langevin system
which satisfies the free Langevin equation
with the boundary conditions
for τ τ = τ τ < (60) After some manipulations, we carry out the following Green matrix elements
and finally
At this stage, we can get the solution of the system with field
and thanks to two basic vectors − → 1 and
we can easily notice that
is a function of the deviation Q (τ ) and consequently the noise. Hence, we can have a series expansion in the neighborhood of the classical path as follows
and using this expansion, the white noise properties (53 67) and the conditions 2 = 0 = 0 · = 0 , we obtain the averages given by the following expressions
Clearly, this result imposes the same Hamiltonian average for a free particle. Therefore, the fluctuation factor relies only on the free Green's function. Now, let us reconsider the problem in the configuration space.
Calculation in the configuration space
For convenience, we rely on the configuration space formalism and we shall use the Lagrangian expression for a spinless particle in interaction with a gravitational plane wave field. The Lagrangian is given as follows
as usual, in the (SQM) formulation we split the classical part L from the other quantum one, L Q , collecting all the remaining terms in the last one. The Lagrangian average is then given as follows
and according to Feynman's splitting procedure [20] , we get
The Hamiltonian average is expressed as
(74) and the stochastic variables satisfy the following boundary conditions
At this stage, we can evaluate the averages using the expansion field (68) the averages (69) and the white noise properties. Therefore, we get the Lagrangian average
(75) To be able to transit to the configuration space, we use the Langevin equation of the momentum
(76) thanks to (29), (53), (69) and the Green's matrix at the equilibrium limit, we get
it's easy to verify that the Hamiltonian stochastic average relying on the two-point correlation function takes the following form
(78) Consequently, the expression of the transition amplitude is
where is the constant that we can fix by using (17) as (λ → 0) then we get
At this level, we have to calculate the classical action and the two-point correlation function. Using Lagrangian formalism, the action is as follows
where
is the Lagrangian of the motion for the classical particle. Then, we obtain the same equation of motion as the one calculated in the space phase
Therefore, we obtain the expression of the classical action
where (∆ξ = [ξ (τ ) − ξ (τ )]) Let us calculate the twopoint correlation function.
Calculation of H Q (τ )
Indeed, we split the classical path from ( = + ) we can easily show that the quantum action takes the following form
Now, we introduce the fictitious time to the stochastic variables then, we can extract the Langevin equation which governs (τ ) given by
with the following properties for the white noise
In order to get the Langevin solution, we express it by a free one (0) (τ ) and a remaining term (τ )
the free solution takes the form Next, we focus on the the deviation (0) Q ( ) which is the solution of the following equation
with the boundary conditions (0)
At this level, we note by G (0) (τ τ ; − ) the free Green's function which satisfies
we can easily calculate the Green's function
Using (89 93) we get the free solution
we finally proceed at the evaluation of the Langevin solution for the spinless particle interacting with a weak gravitational plane wave field. We give its expression
The calculations, with respect to (τ ) can be performed by an iterative treatment. Relying on the properties 2 = 0 = 0 and the expansion of F (ξ) in the neighborhood of the classical path , we also notice; that the gravitational field is weak ( 1) in all the computations. In addition we can take the fact that
Finally, we obtain the Langevin solution
Therefore, using this last expression, we can easily calculate the two-point correlation function (τ
Relying on the free Green's expression (93) we can perform the calculations and get (0)
at this level, we take the equilibrium limit ( 1 = 2 → ∞) and use
Then, the free two point correlation function becomes
finally, we impose (λ = τ − τ ) and get the expression(98) at the equilibrium ( → ∞) 
Green's function calculation
By inserting (51 80) we perform the integration over the time τ, we also use (20 103) and finally obtain the propagator expression
Now, we insert in the expression (21) and finally, we are in position to obtain the exact result for the Green's function for a spinless particle interacting with a weak gravitational plane wave field
The result agree with that obtained [14] and [11] .
Green's function for a Dirac particle
The Green's function S( ) for a 1/2 spin particle in interaction with a gravitational wave field is the solution of the following expression 
we substitute the last expression into (107) to deduce the fermionic Green's function.
Conclusion
In this paper, we have calculated, within the framework of the stochastic quantization method, the exact and analytic Green's functions of relativistic particles in interaction with a weak gravitational plane wave field. Indeed, we showed how we deal with this technique to solve iteratively the Langevin equation under given boundary conditions for spinless particle. We have also used in this work the phase and configuration spaces with a perturbative treatment. As we separate the classical and the quantum contributions, the computations were easier. The fact that the quantum fluctuations were in the same exponential propagator factor has enormously simplified the calculations. The exact Green's function has been determined at the equilibrium limit. Let us notice that this result agrees with that found in references [11, 14] . For spin 1/2 particle, the situation is more complex, Green's function has been only deduced from that of spin 0. Finally, we notice that we have to extend the calculations for spin 1/2 particle, a
